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Let 0 be an orthogonal representation of -a compact Lie group G. A real algebraic 
G variety is the set of common zeros of a set of polynomials pl, . . . , pm : i’2 + IR 
V={xEOIp*(x)= l l ’ =p,(x)=O} 
such that V is G invariant, i.e., V is mapped to itself under the action of G on In. 
We also say that G acts real algebraically on the variety V All varieties are assumed 
to be nonsingular. 
Our work is guided by two general conjectures, the Fixed Point Conjecture and 
the Equivariant Nash Conjecture. We start with the discussion of the first one. 
ixed Point Conjecture. A compact Lie group G acts real algebraically without a 
fixed point on a variety diffeomorphic to IF&” if and only if G acts smoothly without 
a fixed point on the disk D” = {x E Iw” 1 llxll s 1). 
Petrie and Randall [48] showed the necessity part (a) of the conjecture, and 
here one may set n = m. See their paper also for previous partial results. The 
sufficiency part (+) of the conjecture has been shown for the icosahedral group 
A5 (observe that A5 acts without a fixed point on a disk [5, p. 551): 
[ 19,201. For any integer k a 6 there exists a fixed point free real algebraic 
action of A5 on a variety diffeomorphic to Rk. 
An odd order abelian group G acts real algebraically and without a fixed 
point on a variety diffeomorphic to Rk (for some k) if and only if G has at least three 
noncyclic Sylow subgroups. 
This theorem is an immediate consequence of Theorem H and Proposition I. It 
follows from Oliver’s work [39] that a finite abelian group acts without a fixed point 
on a disk if and only if the group has at least three noncvclic Sylow subgroups. 
Thus Theorem B (together with the result of Petrie and Randall mentioned above) 
verifies 
Corollary C. The Fixed Point Conjecture holds for odd order abelian g;oups. 
There is a simple procedure to extend the results in Theorems A and B and find 
fixed point free actions of some other groups G. Let % denote the set of all compact 
Lie groups which act real algebraically, effectively, and without a fixed point on a 
variety diffeomorphic to R” for some n. 
1201. Suppose G is a compact Lie 
c G is a subgroup oj*Jnite index and 
(2) If G su@cts onto E $!I, then G E %, 
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A fixed point free complex algebraic action of a reductive group (such as a finite 
group or C*) on C” would be a striking counter example to the Linearity Conjecture 
by Kambayashi [3Q]: “Any reductive complex algebraic action on @” is conjugate 
to a linear action.” For some results concerning this conjecture, see [2,31]. Recently 
it has been shown by Schwarz [SO] that this conjecture is false. Namely, many 
groups, such as 0( n, C) x @*, have algebraic actions on C” which are not conjugate 
to linear actions. But, these actions have fixed points. The actions in Theorems 
and B are not conjugate to linear actions because they have no fixed points. 
Real algebraic actions appear to be much less rigid than complex algebraic ones. 
It is a conjecture that there is no difference between closed smooth G manifolds 
and compact real algebraic G varieties: 
Equivariant Nas Conjecture. Every smooth closed G manifold is G diffeomorphic 
to a real algebraic G variety. 
The Nash Conjecture 1381 says that every closed smooth manifold is diffeomorphic 
to a real algebraic variety. It was proved by Tognoli [SS]. The term “diffeomorphic” 
is interesting in the conjecture because in general there are infinitely many different 
real algebraic models of a given diffeomorphism type [3]. In this sense the passage 
from smooth manifolds to real algebraic varieties is very different from the passage 
from C’ manifolds to smooth manifolds. Namely, a C’ manifold has a unique 
smooth structure. The term “closed” is important because there are nonclosed G 
manifolds which are not equivariantly diffeomorphic to real algebraic G varieties. 
As examples one may use the smooth cyclic actions on R” without a fixed point 
constructed by Conner and Floyd [ 101. They are not diffeomorphic to real algebraic 
actions because cyclic groups cannot act on a disk without a fixed point by the 
Lefschetz Fixed Point Theorem. Even nonequivariantly, there are smooth manifolds 
which are not the interior of a compact manifold, and which are not diffeomorphic 
to real algebraic varieties. A weak version of the Equivariant Nash Conjecture has 
rified by Dovermann, asuda and Petrie. Remember two G mariifolds 
are G cobordant if there exists a G manifold W whose boundary is the 
union of MO and M1. 
Theorem E [20]. Suppose G is a compact Lie group and is a closed smooth 
manifold. Suppose A4 is G cobordant to a real algebraic G variety. Then is G 
diffeomorphic to a real algebraic G variety. 
Our next result provides some real algebraic G variety which were use 
blocks in other places. 
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(2) i,et 2 be an oriented closed surface (dim = 2) with orientation preserving 
action 6 of a finite group G. Then (-, y 0) is equivariantly diffeomorphic to a real 
algebraic G variety. 
While (1) is proved in [20], we will show (2) in Section 2. 
One motivation for the construction of exotic real algebraic group actions is to 
find supportive evidence for the Equivariant Nash Conjecture. 
We consider certain classes of smooth actions with nonlinear invariants. Such 
actions are called exotic actions. In many cases we show that the same nonlinear 
invariants are realized by real algebraic actions. Based on the assumption that exotic 
smooth actions are as far as possible from real algebraic actions our examples 
provide evidence for the Equivariant Nash Conjecture. 
In the following we describe several examples of such invariants. We start with 
three invariants of smooth actions and three classical questions in transformation 
groups which ask whether these invariants assume the same values for linear and 
for smooth actions. For later use, we formulate the questions in the real algebraic 
category, but the references refer to the smooth case. In many cases the smooth 
answers will coincide with real algebraic ones. As it is customary in transformation 
groups we suppose that all actions are effective. 
uestions. (1) Which groups act real algebraically on a variety diffeomorphic to 
Euclidean space without fixed point? This question was first studied by Conner and 
Floyd in the late 50’s [lo]. 
(2) Which groups act real algebraically on a homotopy sphere with exactly one 
fixed point? This question was posed by Montgomery and Samelson in 1946 [35]. 
(3 j Which groups act real algebraically on a homotopy sphere C with exactly 
two fixed points x and y such that their tangent representations T,Z and TYZ are 
not isomorphic? This question arose in the work of Smith in 11960 [52] and was 
formulated in above form by Petrie [42]. 
Next we give some answers to Questions (l)-(3), starting with the second one. 
eorem G [20]. The icosahedral group A5 acts real algebraically and with exactly 
one Jxed point on a variety which is a homotopy sphere. 
In Section 3 we shall prove: 
Suppose G is an abelian group of odd order with at least three noncyclic 
Sylow subgroups. Then G acts real algebraically with exactly one fixed point (or any 
finite number of Jixed points) on a variety which is a homotopy sphere. 
The essential ingredients of the proof are Theorem E, Proposition F(2), a construc- 
tion from [22], and the Induction Theorem from [21]. The latter two are discussed 
in some detail in Section 3. 
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Montgomery and Samelson [35] asked whether there are one f;xed point actions 
on homotopy spheres. In the smooth category one fixed point actions on homotopy 
spheres were constructed by Stein [53] for the bi-icosahedral group, and by Petrie 
for several classes of groups, in particular the groups in Theorem H (see [43,44]). 
Furthermore, see Morimoto’s study of low dimensional one fixed point actions 1361. 
One may remove a fixed point from a real algebraic G variety and the resulting 
space is a G manifold which is again G diffeomorphic to a real algebraic G variety 
(see [34, p. 1051 or [20]). 
Suppose G acts real algebraically and with exactly k Jixed points on a 
variety which is a homotopy sphere of dimension . Then G acts real algebraically with 
exactri, k - 1 fixed points on a variety diffeomorphic toRR. In particular, if k = 1, then 
G acts real algebraically with exactly one fixed point on the homotopy sphere and 
without fixed point on a variety diffeomorphic to R”. 
With the help of this proposition Theorems A and C are corollaries of Theorems 
G and H, respectively. 
Conner and Floyd [lo] were the first to construct fixed point free actions on R”. 
These were actions of cyclic groups not of prime power order. The ultimate answer 
in the smooth category is based on articles by Conner and ontgomery [ll], by 
Hsiang and Hsiang [29], and by Edmonds and Lee [26]. The smoothing of their 
actions with the help of the Mostow-Palais embedding theorem is a standard 
argument. The answer is (the trivial group is considered to be a group of prime 
power order): 
heorem. A compact Lie group G with connected component GO has a fixed point free 
action on some R” if and only if G/GO is not ofprime power order or GO is not abelian. 
There is another invariant which has been studied extensively in transformation 
groups. It is motivated by the third question from above, posed by Smith [52]. 
Consider a smooth action 8 of G on a homotopy sphere C such that its fixed point 
set ZG = {x, y} consists of exactly two points. Let p(.C, 6) = TX2 - TYZ be the 
difference (in the representation ring of 6) of the tangent representations atthese 
fixed points. This expression is well defined up to sign. The representations V and 
!V are called Smith equivalent, and we say that (2, 6) realizes the Smith equivalence 
between the representations V and W, if TX 
asks for which groups there are real alge 
such that /3(& 6) # 0. Some smooth acti 
equivalent representations have been cons 
see [22,24,25]. It will follo 
real algebraic actions. Spec 
(1) G is finite abelian wit 
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(2) G is a cyclic group of order 2km where k 2 0 and m is odd such that H = L, 
has nonisomorphic representations which satisfy Assumption 1.1 in [22]. We do 
not want to review this technical condition, but admissible values for m are square 
free products m = p1 l 9 l pk where k 2 4 such that p1 = 5 (mod 8) and the Legendre 
symbols (PI/pi) = 1 for 2 s j s 4 (see [25]). 
In Section 4 we show: 
A group as in ( 1) or (2) acts real algebraically on a homotopy sphere C 
with exactly two jxed points x and y such that T,Z # T,Z; i.e., p(& 0) # 0. 
There is a considerable list of references containing answers to Smith’s question 
in the smooth category. If G is of odd prime power order or if G acts semi-freely 
then Smith equivalent representations must be isomorphic, as has been shown by 
Atiyah and Bott [l] and by Milnor [33]. By a result of Sanchez [49] the same is 
true for cyclic groups of order pq where p and q are odd primes. Bredon [4] showed 
that this is also true if G is of order 2k and if the dimension of the representations 
is at least p(k) for some appropriate function cc. Petrie announced that there are 
nonisomorphic Smith equivalent representations for abelian groups of odd order 
with at least four noncyclic Sylow subgroups [42] (for the details of proof see [47]), 
and he proposed to find all groups which have this property. Nonisomorphic Smith 
equivalent representations for cyclic groups of order 4k with k > 1 were constructed 
by Cappell and Shaneson [6] and Petrie [45]. For some classes of cyclic groups of 
odd order nonisomorphic Smith equivalent representations were constructed by 
Dovermann and Petrie [22]. 
For additional work on Smith equivalent representations see the work of Siegel 
[Sl], Dovermann [171, Suh [54], Cho [8,9], Dovermann and Washington [25], and 
Dovermann and Suh [24], the surveys by Masuda and Petrie [32], Cappell and 
Shaneson [7], Dovermann, Petrie, and Schultz [23], and a book by Petrie and 
Randall [46]. 
Here are two more invariants of interest to us in the context of real algebraic 
action. A question of V. Puppe motivated us to look at them. 
Consider a homotopy complex projective space X2”. Its cohomology ring is 
H*(X, Z) = Z[x]lx”+’ where x is a generator of H*(X, Z). Let F be an orientable 
submanifold with orientation class [F] of dimension 2m, and let i : F + X be the 
inclusion. We define the defect of F in X to be 
am) = I(i*(x))"[F1I~ 
For linear actions of G on CP” and a component F of (@P”)G we have that 
D(F) = 1. If G acts on X2” and F is a component of X”, then a value D(F) Z 1 
indicates a nonlinear behavior. Such a behavior is of particular interest because for 
algebraic actions one does have results which restriqt invariants such as the defect 
defined above. The real algebraic examples which we exhibit in our next theorem 
behave more like smooth actions. 
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Let m be an odd integer, p a natural number, and (m, p) = 1. There exist 
real algebraic group actions of B, on varieties X4n-2 which are homotopy complex 
projective spaces such that 
(1) xzm consists of two components F0 and FI, each of which is a B(,) cohomology 
@P”_l, 
(2) &(F;-)=pfor i=O and 1. 
In [18] the corresponding result has been proved in the smooth category. In the 
proof one starts with a smooth B, x ZZ manifold X0 on which Z2 acts freely, and 
X is Z, equivariantly cobordant to X0. The mapping cylinder of the orbit map 
X0+ X0/Z, has X0 as its boundary, and X0 is equivariant!y cobordant o the empty 
set. Thus both X0 and X are diffeomorphic to real algebraic varieties by Theorem 
E. 
The second invariant is the linking number. We define it in the simplest case. 
Consider a manifold M”‘+’ (n 3 1) and two disjoint submanifolds X” and Yn. For 
M assume that ) and Hn+,( M) vanish. For X assume that it is oriente 
orientation class H,(X). For Y assume that the normal bundle V( Y, 
orientable, and an orientation class u( Y) E Hn+,( M, - Y) is given. Let i : X + 
M - Y be the inclusion, and let *(M, M - Y) + Hn( M - Y) be the boundary 
operator. The linking number v of X and Y is defined by the equation 
v(X, Y) l au(Y) = iJX]. 
This invariant measures the relative position of X and 1’ in 
In transformation groups the setting is as follows. Consider a smooth action of 
roup G = HI x H2 (such as Hpq = P, x Z, for (p, q) = 1) on a homotopy sphere 
Let X and Y be Hi fixed point sets for subgroups HI and H2 of G. If defined, 
one may study the invariant 
p(M, G, HI, H2)=v( 
One can also study more general situations involving more than two submanifolds 
of If one considers linear actions on sphere, p(-) will be f 1. One typical result 
of tom Dieck and Liiffler [ 15, Satz 2.11 is: 
Let G = H, x H2 be the product of two odd order cyclic groups 
H2, and let k be an element in the kernel of the Swan homomorphism (Z/ 
&,(Z[ G]). 7hen there exists a smooth G action on a sphere S” with isotropy 
H2, and 1, (Sn)H~=Sn(‘), (§n)H2=Sn(2), n=n(l)+n(2)+1, andv((Sn)Hl,(Sn)H2)= 
*k. 
Dieck, Lijffler, and avis (see [12-161) constructed many s 00th actions o* 
homotopy spheres (and often on the standard sphere) such that lu. Z f 
actions are by construction equivariantl 
Theorem E they can be realized as real 
realization of nonlinear linking 
giving additio 
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2. f of Proposition 
In the introduction we considered only nonsingular affine real algebraic G 
varieties. In this section we also need the idea of complex algebraic projective G 
varieties. Suppose Z is a unitary representation of a compact Lie group G, and 
(s) is its projective space. A complex algebraic projective G variety is a G invariant 
). This notation asserts that V is realized as a projective 
he zero set of a collection of homogeneous polynomials 
E + C. To prove Proposition F(2) we need the following lemma. 
mma 2.1. Let G be a compact group and E an effective unitary representation of 
G. Lez V c P( .E) be a nonsingular complex projective G variety. Then Vis equivariantly 
diffeomorphic to an afine real algebraic 6 variety. 
roof. By assumption we have a G invariant inner product, and we denote its 
associated quadratic form by q : - 3 +R. We express the elements in E in terms of 
a unitary basis so that q(z,, . . . , zN) = zlq+ l l l +z&. For PN-’ = P(E) we use 
homogeneous coordinates [z, : l - l : zN]. Then, with q = q(z, , . . . , zp.), 
cp: N-l+@N2=R2N2 With[Z,:-*:ZN]C* 
i,j=l N ,---* 
identifies P N -’ with the set of hermitian matrices which have trace and rank equal 
to 1. Let G act on the matrices in C N2, where u E G c UN acts on a matrix -ci by 
mapping it to uHu_’ = uHfi. Then @ is a G equivariant embedding. 
Letp,@C[z,,..., zN] be homogeneous polynomials which define V. Then @( V) 
is defined by the equations - 
ZNZp 
- ¶=-*9 
4 
for all v and p = 1, . . . , N 
together with the equations defining @(PN-’ ). These can obviously be rewritten as 
real polynomial equations in @ N2 = R* N2. 0 
roposition F(2). Let s be a point in the surface S with isotropy group G, 
and tangent representation T’.S. By assumption, G acts on S preserving the orienta- 
tion. Therefore G, is cyclic and acts by rotations on T,S. We can identify T’S with 
@ such that G, acts by multiplication with roots of unity. The map z I+ z’ identifies 
TsS/ G, with C. Here 2 denotes the order of G,- Therefore the quotient S’ = S/ G is 
again a smooth oriented closed surface. 
We identify S’ with some Riemann surface. By a classical result [28, p. 2201 there 
is a unique lifting of the complex structure on S’ to one on S, and the uniqueness 
implies that the action of G on S’ is analytic. 
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Any Riemann surface is (analytically) isomorphic to a complex algebraic projec- 
tive variety (see [27, p. 214]), and in this sense we write S c N-’ for some N, and 
consider S as ;P projective variety. We define 
t#~:S_,f~‘~‘-‘=f by s-@(g&. 
There is one factor for each element g of G in the tensor product, and we indicated 
the associated component by ( )g. The map 4 is the composition of an algebraic 
embedding of S into a [ G]-fold Cartesian product of N-% (composed with the 
action of g on the component associated with g) and the Segre embedding. In 
particular, 4 is an embedding and #(S) is a nonsingular projective variety in 
Define the permutation action of G 
Then 4 turns out to be equivariant and 4(S) is a nonsingular projective G variety. 
The claim of Proposition F(2) is now an immediate consequence of the previous 
lemma. El 
eore 
Our proof of Theorem I-I follows Petrie’s proof [43] of 
Theorem 3.1. Suppose G is an abelian group of odd order with at least three noncyclic 
Sylow subgroups. Then G acts smoothly on a homotopy sphere with exactly one Jilted 
point. 
Theorem states that the actions in Theorem 3.1 can be chosen as real algebraic 
actions. Petrie started out with a carefully chosen one fixed point actio 
a manifold X, and he showed that this manifold is G cobordant o a 
sphere .E, relative to the fixed point set. We follow the same approach, but we show 
that X can be chosen as a product of surfaces with smooth action of G, so that 
each factor satisfies the assumptions in Proposition F(2). This will imply that C is 
G diffeomorphic to a real algebraic G variety. We continue with the details of the 
approach, starting with two technical definitions. 
A smooth G m 
representation 
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efinition 3.3. A G manifold M is defined to be stable if for each x E M and K = G,, 
the multiplicity m,( T,M) of the irreducible representation $ in T,M is either zero 
or d,m,( V) adim, VK. Here (1+ = dimw Q,, and D+ is the algebra of real 
endomorphisms of #. 
We will use representation V of a group G which have the following 
rties 3.4. (1) K c G is .n isotropy group of V if G/K is not of prime power 
order. 
(2) dim VK = 0 if G/K is of prime power order. 
(3) VQR is stable, sa’.isfies the gap hypothesis, and dim VK is even and zero or 
at least 6 for all K c G. 
sition 3.5. Every finite abelian group of odd arder has representations as in 3.4. 
roof. An example of such a representation is V = 2(C[ G] - V,), where C[ G] is 
the complex regular representation of G, and V, is the sum of all irreducible 
representations $ of G for which G/G(#) is of prime power order. Here G( JI) is 
the kernel of #. It is elementary to check that V satisfies 3.4(l)-(3). 0 
Theorem 3.6. Let k 2 1 be a natural number, G a finite abelian group, and V a 
representation f G as in 3.4. There exists a closed smooth G manifold X( V) which 
has the following properties: 
(1) X( V) is stable and satisfies the gap hypothesis, X( V)” consists of exactly k 
points, and the tangent representation at each of them is V For every subgroup L of 
G each component of X( V)L is orientable. 
(2) ResH X( V) is an H equivariant boundary whenever G/H is not of prime power 
order. 
(3) The equivariant angent bundle TX( V) is stably G isomorphic to a product 
bundle, and restricted to H as in (2) the stable isomorphism extends H equivariantly 
over the zero-cobordism. 
(4) The smooth action of G on X ( V) is equivariantly difleomorphic toa real algebraic 
action of G on a variety. 
Proof. The construction of X( V) is as in [22, Section 31. Write V as a direct sum 
of its irreducible summands, V = C a,# with a, > 0. For each $ with a, > 0 one 
constructs a closed orientable surface X((L) with smooth orientation preserving 
action of G such that the tangent bundle TX( 9) is stably isomorphic to X (+) x $. 
By construction, X (9) bounds G( $) equivariantly, where G( 3/) denotes the kernel 
of $. It has been shown in [24,3.1 Addendum] that X($) may be chosen such that 
the stable trivialization of TX( +) extends G(Q) equivariantly over the zero- 
cobordism of X( @). Set 
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The construction in [22] is such that X(+)G and ( V)G consist of exactly one 
point. But, by either changing the construction in [22] for one of the factors slightly 
to yield k fixed points, or by taking k copies of above X(V) and X(V), one may 
suppose that X( V) has exactly k fixed points. Basically, all of the checks required 
in (I)-(3) are explicitly in [22, Section 31. Only the H equivariant extension of the 
stable bundle trivialization in (3) requires the additional reference to 1241. 
We check (4). Each surface X(e) satisfies the assumptions made in Proposition 
F(2), hence X(e) is equivariantly diffeomorphic to a real algebraic G variety. As 
a product of such surfaces X ( V) is equivariantly diffeomorphic to a real algebraic 
G variety. Cl 
heorem 3.7. Suppose G is an abelian group of odd order with at least three noncyclic 
Sylow subgroups, Vis as in 3.4, and X( V) is as in the conclusion of Theorem 3.6(I)-(3). 
Then X( V) is equivariantly cobordant, relative to the fixed point set, to a homotopy 
sphere. 
By Proposition 3.5 we may find a representation as in 3.4. 
apply Theorem 3.6 to construct a smooth G manifold X( V) with exactly k fixed 
points which is equivariantly diffeomorphic to a real algebraic G variety. It is 
equivariantly cobordant o an action on a homotopy sphere Z, which also has exactly 
k fixed points. It follows from Theorem E that the action on C is eq 
diffeomorphic to a real algebraic action of G, and this verifies Theore 
Before we can discuss the proof of Theorem 3.7 we need to discuss an additional 
topic. The Burnside ring of a finite group G is denoted by 0(G). Let Jn’( G) denote 
the set of finite G sets. Addition in SE’(G) is given by disjoint union and multiplica- 
tion by Cartesian product. The urnside ring a(G) is obtained from W’-(G), *, l ) 
by the Grothendieck construction. Similarly, one may construct L#( 6) from finite 
G CW-complexes. Two finite G CW-complexes A and B are called equivalent if 
x( A H ) = x( B H ) for all H c G. As usual, x denotes the Euler characteristic. Addition 
of equivalence classes is given by disjoint union of representatives and multiplication 
by Cartesian product. This construction also yields a( 6). The equivalence class of 
A in a(G) is denoted by [A]. For a finite G CW-complex vue define x”(A) as 
x(AH). Then xH extends naturally to a function from L!(G) to Z. 
We introduce several classes of subgroups of 6. 
(1) sP( G) denotes the set of all subgroups of 6. 
(2) P(G) denotes the set of subgroups of G of prime power or 
(3) Y?,(G) denotes the set of subgroups of G which extend a cyclic group by a 
group of prime power order; i.e., they fit into a sequence I + 4 G + 1 where 
P is of prime power order and C is cyclic. 
(4) R’(G) denotes the set of sub ot of 
(5) Z(G):=sp(G)-{ 
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For any G invariant subset X of 9’(G) (the action of G on Y(G) is given by 
conjugation) we consider the subgroup J2( G, X) of n(G) generated by G CW- 
complexes whose isotropy groups are in X. In J2( G, X) we have subsets a‘( G, X) 
represented by finite G sets, all of whose isotropy groups are in X. 
Restricting a G action to an action of a subgroup H and G defines a restriction 
homomorphism ResH . l 0(G)+o(H). We need some subgroups of 0(G): 
A(G):= n ker(ResH:O(G)+O(H)). (I) 
HE g,(G) 
This is not Oliver’s definition [40], but a theorem for abelian groups [41]. Compare 
also [21, Lemma 3.4 and 3.51. Furthermore, given any subset Xc Y(G) we define 
A(G,X):= n ker(ResH:O(G)+R(K)). 
KEX 
ma 3.8. Let G be an abelian group of odd order with at least three noncyclic Sylow 
subgroups. Then 
R(G)=A(G,X(G))+0(G,X(G))+20+(G,Z(G)). 
SupposeAEA(G,%‘(G))+SZ(G,%‘(G)) andxH(A)=O (mod2) forall HE%‘(G). 
Then AEA(G, %‘(G))+2R(G, 8?‘(G)). 
In the proof we will make essential use of a particular element E E A( G, X(G)). 
It is constructed as follows. Let H E X(G). Write H as intersection HI n Hz of two 
subgroups of G such that (IG/ H,I, 1 G/H& = 1. Set K = G/H, and consider K1 = 
G/H, and Kz = G/Hz as subgroups. There are positive even integers Q! and p such 
that 
for some natural number m. Set 
By definition FL is an element in n(K), and via the projection G + K we consider 
it as an element in 0(G) denoted by FH. Set 
E := n FH. 
HE%‘(G) 
It is trivial to observe that x”( &) = 0 for all L c H. By definition E E A (G, X(G)) 
and xG( E) = 1. Because Q! and /3 were chosen to be positive and even we may write 
E=1+2EG+E, where E&fl+(G,LZ(G)) and Ex~fl(G,%‘(G)). 
The proof follows ideas in [43]. Given an element A E In(G), 
we claimed that theie are elements & E A (G, ZV( G)), Bw E R(G, X(G)), and B&E 
a’( G, Z’( 6)) such that 
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We may suppose (without loss of generality) that xG(A) < 0, because A( G, St’(G)) 
is a subgroup of O(G) and there are elements C in A (G, 3t’( 6)) such that x”(C) > 1. 
Write A = Ax - A,-A& with A,E~(G, Z’(G)), A~E.Q(G,Z’(G)), and A&E 
i2’( G, {G}). Then it suffices to verify (2) assuming that A2 = AGE a’( G, Z’(G)). 
The general case follows trivially from this case. 
Expand 
A*E=(A%- A$-A+,)*(1+2E-&+E,) 
=A-2(A&+A&). Eg+terms in a(G, Z(G)). 
Now (2) and the first claim of the lemma are immediate consequences as 
A(G, Z(G)) is an ideal in R(G) and Aa EEA(G, Z(G)). 
Write A=A,+A, with AdeA(G,Z(G)) and A,E~(G,%‘(G)). 
xH(Ad)=O and xH(Aa)=O (mod2) for all HE%‘(G). This implies that AX is 
divisible by 2 in a( G, Z(G)) because G is of odd order. Cl 
Corclllary 3.9. Let G be on abelian group of odd order with at least three noncyclic 
Sylow subgroups. Suppose A E 0 ( G) and x H (A) = 0 (mod 2) for all 
AE A(G)+20(G, %‘(G))+20+(G, S(G)). 
We observe that A(G) 2 A (G, SV( G)). The remaining part of the argument 
follows from Lemma 3.8. 0 
We provide the definitions to state the induction theorem in equivariant surgery 
[2l, Section 21, adjusted to the technical conditions in this paper. 
A prenormal map W = ( W, F, B) consists of 
(1) An equivariant map F: W+ 2 of degree one between oriented compact 
smooth G manifold which are stable and which satisfy the gap hypothesis. 
(2) For every PE 9(G) the spaces Wp and Zp are oriented, they have the same 
dimension, Wp is connected, and 2’ is simply connected. 
(3) Every P E 9( 6) is an isotropy group of W and of Z. 
(4) An equivariant stable trivialization B of the tangent bundle of 
A G map is a pseudoequivalence if it is a homotopy equivalence and an equivariant 
map. A prenormal map is a pseudoequivalence if its underlying function is a 
pseudoequivalence. 
If W is a prenormal m 
map (denoted by Res H W) by restricting the 
For the remainder of this sect 
G oriented G manifold, where 
component of t fixe 
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A manifold triad ( W, W,, W,) is a triple of manifolds such that a W = W, v WI 
and Won W, = a W, = a WI. We make the usual conventions on compatibility of 
orientation classes. A triad of G manifolds is a manifold triad such that the action 
of G respects the triad structure, and so does a map of triads. A prenormal map of 
triads of G manifolds is a prenormal map which is also a ma? of triads of G 
manifolds. 
convention. If SL” = ( W, F, B) is a prenormal map and a map of triads, 
then we denote the induced maps by %“i = (I&, Fi, Blw,) where Fi : Wi + Zi for 
i = 0, 1. These are prenormal maps if Wi and Zi satisfy Definition 3.10(2)-(3). We 
also write (X,f, b) for ‘JK& Furthermore, HY (or a?&) denotes the data obtained 
by taking the boundaries of the domain and the range and by restricting the map 
and the bundle trivialization accordingly. 
Definition 3.11. A G prenormal map ‘J? is equivalent to zero ( wp,, 0) if there exists 
a prenormal map gY of G manifold triads such that YVO = %, and W, and HKO are 
pseudoequivalences. 
There is a standard definition for a cobordism between prenormal maps. The 
reader may find the details spelled out in [21, p. 13751. In particular, a cobordism 
between prenormal maps (Xi,A, 6i) with i = 1,2, gives rise to a cobordism between 
X, and X,. 
Induction Theorem 3.12 (see [21, Theorem 2.61). Suppose G is an odd order abelian 
group. Suppose W,, = (X, f, b) is a G prenormal map, where f : X + Y and which satisfies 
the further assumptions: 
(1) [YI-WIEA(G)+~JW, ~W), 
(2) aWO is a pseudoequivalence, 
(3) dim X is even, and each H E Z(G) is an isotropy group of X with dim X H at 
least 6, 
(4) ReSt wb crpn 0 for all LE g,(G). 
Ihen Wb is prenormally cobordant to a pseudoequivalence relative to the boundary 
and relative to the fixed point set. 
Our induction theorem is slightly different from Theorem 2.6 in [21]. In this 
reference more complicated bundle data than our stable trivialization of the tangent 
bundles are used. The need for this disappears if one works with stable G manifolds 
as we do in this paper. We restricted ourselves to abelian groups, in which case 
S,(G) is also the set of hyperelementary subgrou ?s of G. This simplifies (v) in 
Theorem 2.6 of [ZI]. We also incorporated some of the dimension assumptions 
made in [21, Theorem 2.61 into our defhitron of a prenormal map. 
Topological invariants of real algebraic actions 185 
Note. In a recent paper Morimoto [37] questions the correctness of the Induction 
Theorem from [Zl]. In his paper Morimoto shows that the stepwise equivariant 
surgery obstructions behave in a nonstandard fashion if the following conditions 
(stated for the obstruction on free orbits) hold: 
The acting group G contains elements g # 1, such that g* = 1 for which 
the gap hypothesis is barely satisfied (if X is the domain of a G normal 
map and dim X = 2k - E with E = 0, I, then X” has a component of 
dimension k - 1). 
Morimoto’s criticism of [21] is based on the nonstandard behavior of the surgery 
obstruction. But the Induction Theorem deals only with odd order groups and for 
this reason Morimoto’s criticism does not apply. 
Proof of Theore 3.7. Let V be a representation which has Properties 3.4; it exists 
by Proposition 3.5. Let X = X( V) be a G manifold as in the conclusion of Theorem 
3.6. We claim that is G cobordant relative to the fixed point set to a homotopy 
sphere C. The acti on C will then have exactly k fixed points. 
Let x E X be a fixed point. Then T,X = V and we can use the Thorn collapse to 
construct an equivariant map f: X -, Y with Y = S( V@R); f collapses the comple- 
ment of a G invariant disk around x to one point. For appropriately chosen 
orientations of X and Y the degree off equals 1. Furthermore, let 6 be the stable 
equivariant trivialization of TX (see Theorem 3.6(3)). The data (X, f, b) satisfy 
almost all of the properties required for a prenormal map and almost all properties 
required in the induction theorem. These are simple checks based on the properties 
of V as in 3.4, the properties of X( V) listed in Theorem 3.6, and the conclusion 
that TX0 (X x W) = X x ( VO W) for an appropriate representation of G (use 
Theorem 3.6( 1) and (3)). These checks are left to the reader. What remains to be 
arranged or checked is: 
(i) X p is connected (see Definition 3.10(2)). 
(ii) [Y]-[X]EA(G)+~~~(G, Z(G)) (see Theorem 3.12(l)). 
(iii) ResL(X,f, b) -pn 0 for all LE 9&(G) (see Theorem 3.12(4)). 
We begin our discussion with (ii). Observe that Y represents 2 in O(G), and 
x( Y”) = 2 for all L s G. It follows from the bounding property in Theorem 3.6(2) 
that X(X-~) = 0 (mod 2) for all H E Z’(G), i.e., for groups H not of prime power 
index in G. Corollary 3.1 implies that 
[Y]-[X]EA(G)+~O(G,Z(G))+~O+(G,~;P(G;~. 
Observe that [G x, Y] = 2[ G/ L]. Add (using disjoint union) the correct number 
of copies of G x k Y to X for subgroups L E Z(G) such that for t 
x we have that 
]~d(G)+2a(G, R(G)). 
Map the added spaces G 
J: X + Y extending J Ohs 
(X, x 6) satisfies (ii) in a 
ree one ma 
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It is easy to connect the different components of rf ’ by some equivariant 
zero-dimensional surgeries on X. Call the resulting space 2. This can be done in 
such a way that there is an equivariant degree one map f: X + Y, and such that 
there is an equivariant stable trivialization d of TX. The data (X,lK) will then 
satisfy (i) and have all of the properties (X, f, 6) had already. In particular, it is a 
prenormal map which satisfies Theorem 3.12(I)-(3). 
The manifold X is equivariantly stably framed cobordant o X, and it has all of 
the properties listed for X in the conclusion of Theorem 3.6. The cobordism is 
through an oriented manifold and it is relative to the fixed point set. For convenience 
sake, rename (2, Ed) as (X,f, b). 
Let H E g,(G). Because G has at least 3 noncyclic Sylow subgroup g,(G) E Z(G). 
There is an oriented H manifold W(H) whose boundary is ResH X and the stable 
trivialization Res” 6 of T ResH X extends to a stable trivialization B(H) of TW( H); 
see Theorem 3.6(2) and (3). The prenormal map Res,,(X,f; b) extends to a map 
F(H):(W(H),Res,X)+(D(VOlR),S(VOIW)). We claim that (W(H),F(H), 
B(H)) is an H prenormal map. All of the properties are trivial to check based on 
the information from above, but we still have to arrange it that W( H)p is connected 
whenever P E 9(H). This can again be done via some H equivariant surgeries in 
the interior of W(H). The prenormal map ( W(H), F( H), B(H)) realizes the prenor- 
ma1 cobordism from ResH (X, f, 6) to zero, verifying (iii). 
We verified that (X, J 6) satisfies all of the assumptions in the Induction Theorem, 
and this theorem implies that (X, f, 6) is prenormally cobordant o a map (X’J’, b’), 
relative to the fixed point set, such that f’ : X’+ Y is a pseudoequivalence. This 
impiies that X’ is a homotopy sphere and that X’ is equivariantly cobordant (relative 
to the fixed point set) to the original X we started out with. This completes our 
proof of Theorem 3.7. Cl 
Proof of Theorem J. There are two cases, G as in (1) or (2). The corresponding 
result in the smooth case and for G as in (1) was shown in [24]. This was a 
generalization or the theorem announced in [42] and provdd in [47]. In case G is 
as in (2), k = 0, and supposing that the action is smooth, Theorem 1.7 has been 
proved in [22]. It has been generalized for k > 0, also in the smooth category, in 
[24]. In either of these cases one starts out with a representation U of G and a 
sufficiently large collection 9’ of representations of G which satisfy a certain list of 
conditions. For V and W in 9’ one constructs manifolds X( V, W) which are of the 
form X( V)U X( W)U 2. Here X( V) and X( W) are products of surfaces as in 
Theorem 3.6, in particular, they are equivariantly diffeomorphic to real algebraic 
G varieties. The manifold 2 is an equivariant boundary, and it follows once more 
from Theorem E that X( V, W) is equivariantly diffeomorphic to a real algebraic G 
variety. Next one shows that among the representations in 9 one can find nonisomor- 
phic representations V and W such that riantly cobordant o a 
homotopy sphere 2, relative to the fixed poi onsists of exactly two 
points x and y with tangent representations It follows from 
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Theorem E that C is equivariantly diffeomorphic to a real algebraic G variety. As 
V and W were chosen nonisomorphic the claim of our theorem follows. 0 
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